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$\Rightarrow$ $[sso\eta$ ( )
: ( )[ONS91].
$-$ QR (QRGCD ) :Sylvester 8 $S=QR$ $(Q$ : $R$ :
) [OST97, ZMFOO, CWZ04]
$-$ :Sylvester $S_{k}$
1 : [CGTW95, Zen04]
: [GKMYZO4, ZD04]
$-$ displacement [Zhi03, BB07]. ( )
$-$ ELGCD :Hensel [ZNOO]
$-$ PGPBS : [San05]
$\Leftarrow$
$-$ PC-GivensGCD :QRGCD PC-PRS $[sso\eta$.
1 :quasi-GCD$[Sch85]$ $\epsilon-$GCD$[EGL97]$ $near- GCD[HS97]$ $Pad6- GCD[Pan01]$
$[$KYZO$5]$ Ruppert [ 08].
: modular [CGTW95] $[$KYZO$6]$
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PC-PRS $E\sim GCD$ $A\backslash _{Q}$
i) ii) 2 $[SS07]$
3 Euclid
4
$F(x,u)$ x $(u)=(u_{1}, \ldots,u_{\ell})$ $\circ\grave$ lc $(F)$ $\deg(F)$ $F$
$||F||$
$F$ $||F||=1$ appgcd$(F, G;\epsilon)$ $F$ $G$ $\epsilon$ GCD
quo $(F\rangle G)$ rem$(F,G)$ $F$ $G$ elim$(F,G)$ $G$ $F$
;
elim$(F,G)=\{\begin{array}{ll}F- lc (F)/1c(G)x^{dog(F)-d\epsilon g(G)}G if\deg(F)\geq\deg(G),F otherwise.\end{array}$
2
$F$ $G$ $(\deg(F)-\deg(G)=d\geq 0)$ $|$ lc $(G)|/|$ lc $(F)|\ll 1$ $F$ $G$ $H$
$H=$ rem$(F, G)=F-QG\approx$ const $x$ rest $(G)$ rest $(G)$ $G$
$H$ $G$ rem$(G, H)$
:Step 1) $H=(x^{d}-a)G-$ lc $(G)/1c(F)F$
$a$ $\deg(a)<d$ Step2) $F$ $H$ $(|$ lc $(H)|/|$ lc $(F)|\ll 1$
$G$ $H$ )
1. ? $(|$ lc $(G)|/|$ lc $(F)|\ll 1$ $)$
[SS07] $|1c(G)|/|$ lc$(F)|<S=0.25$ $S$




$x^{d}-a$ $F$ $|a|\in[1.2,1.5]$ ;
$m=n+1$ $a\in \mathbb{C}$ QRGCD





$f(x)=f_{m}x^{m}+\cdots+f_{0}$ , $g(x)=g_{n}x^{n}+\cdots+g0$ $(f_{m},g_{n}\neq 0, m\geq n)$ . (1)





$...]$ $arrow g^{(3,0)}- rowarrow g^{(2,0...)}rowarrow g^{(1,0)}rowarrow f^{(2,0)}rowarrow f^{(1,0)}rowarrow f^{(3_{l}0)}row$ (2)
$|$ lc $(g)|/|$ lc$(f)|<S$ ( ) $f^{(1_{I}0)}$-row Givens $g^{(1,0)}$-row
$(\begin{array}{ll}\tau_{1} \sigma_{1}-\sigma_{1} \tau_{1}\end{array})(\begin{array}{l}f^{(1,0)_{-\Gamma OW}}g^{(1,0)}- row\end{array})=$ $(f_{m_{0}}^{(1,1)}$ $f_{m-1}^{\langle 1,1)}g_{n-1}^{(1_{l}1)}$ $f_{m-2}^{(1,1)}g_{n-2}^{(1,1)}$ $\ldots)$ $arrow f^{(1,1)}- rowarrow g^{(1_{1}1)}- row$ .
$\tau_{1}=f_{m}/\sqrt{|f_{m}|^{2}+|g_{n}|^{2}}$ $\sigma_{1}=g_{n}/\sqrt{|f_{m}|^{2}+|g_{n}|^{2}}$ $g^{(1,1)}$ -row $hi=$ elim$(x^{marrow n}g, f)$
$g^{(1,1)}$-row
Step 2-1: $g^{(1,1)}$ -row $f^{(2,0)}$ -row Givens
$(\begin{array}{ll}\tau_{2} \sigma_{2}-\sigma_{2} \tau_{2}\end{array})(\begin{array}{l}f^{(2,0)}- rowg^{(1,1)}- row\end{array})=(\begin{array}{lllll}0 0 f_{m-1}^{(2,1)} f_{m-2}^{(2,1)} \cdots 0 g_{n}^{(1,2)} g_{n-1}^{(1_{2}2)} g_{n-2}^{(1_{l}2)} \cdots\end{array})$ $arrow f^{(2,1)}- rowarrow g^{(1,2)}- row$ .
$f^{(2,1)}$-row $g^{(1,2)}$ -row elim$(f, xh_{1})$ $\tau_{2}xh_{1}+\sigma_{2}f$ $|$ lc $(h_{1})|/|$ lc$(f)|>S$
$h_{1}$ $f^{(2,1)}$-row GCD step2-2
Step 2-2 : $g^{(1,2)}$ -row $g^{(2,0)}$ -row Givens $g^{(1,3)}$ -row $g^{(2,1)}$-row $\square$
$g^{(2,1)}$ -row $\tau_{3}(\tau_{2}xh_{1}+\sigma_{2}f)-\sigma_{2}x^{m-n-1}g=73^{\sigma_{2}f}$ –elim$($elim$(f,x^{m-n}g),x^{m-n-1}g)$
elim$($elim$(f,x^{marrow n}g),$ $x^{m-n-1}g)=$ elim$(h_{1}, x^{m-n-1}g)=h_{2}$ $m=n+1$
$h_{2}=$ rem$(f,g)(\deg(h_{2})<\deg(g))$ $f$ $h_{2}$ GCD $m>n+1$
step3-1 step3-2
Step 3-1: elim$(f, h_{2})$ $|$ lc(elim$(f,$ $h_{2})$ ) $|/|$ lc$(f)|>S$ $f$ $h_{2}$ GCD
step3-2





Input: $f$ and $g\in \mathbb{C}[x]$ with $\deg(f)\geq\deg(g)$ , and $0\leq\epsilon<1$ .
Output: appgcd$(f,g;\epsilon)$ .
$h=$ elim$(f,g)$ ;
if $||h||/||g||\leq\epsilon$ then return $g$ ;
if $|$ lc $(g)|/|$ lc$(f)|<S$ then goto $LP$
else compute appgcd $(h,g;\epsilon),\cdot$
$LP$; if lc $(h)|/|$ lc $(f)|\geq S$ then $\tilde{f}=$ elim$(f, h)$ ; compute appgcd$(\tilde{f},g;\epsilon)$ ;
else $h=$ elim$(h,g)$ ;





$h=e$ m$(f,g)$ $|$ lc $(h)|/|$ lc $(f)|\geq S$ appgcd$(\tilde{f}_{I}g;\epsilon)$
$\deg(\tilde{f})<\deg(f)$ $f$ $\tilde{h}=$ elim$(g,h)$










$F(x, u)$ $G(x, u)$ $\mathbb{C}$
GCD
1. $s\in \mathbb{C}^{\ell}$ $I=\langle u_{1}-s_{1},$ $\ldots$ , $u\ell-s\ell\rangle$ GCD
$\tilde{C}(x, u)\equiv C(x, u)(mod I^{j+1})$ ($j$ $C$ $u$ )
2. GCD :
$C\equiv$ appgcd $(1c(F), lc(G);\epsilon)x\tilde{C}/1c(\tilde{C})$ $(mod I^{j+1})$ . (3)
$C$ $F(x, u)$ $G(x, u)$ GCD
lc $(\tilde{C})$ $c_{0}$ $|$co $|\ll||$ lc $(\tilde{C}$ $1/1c(\tilde{C})$
$\tilde{C}$ $C$ $O(1)$ $\tilde{C}/1c(\tilde{C})(mod I^{j+1})$
$\leq O(1)$ (
) $s\in \mathbb{C}^{\ell}$
GCD ( GCD ) $[Suz93|$
Euclid GCD PC-PRS EIGCD
58
3.1 Euclid
$s\in \mathbb{C}^{\ell}$ PC-PRS modulo $I^{j}$ $F$ $G$ GCD $\tilde{C}^{(j-1)}(x, u)$
$A^{(j-1)}(x,u)$ $B^{(j-1)}(x,u)$
$\tilde{A}^{(j-1)}(x,u)F(x,u)+\tilde{B}^{(j-1)}(x,u)G(x,u)\equiv\tilde{C}^{(j-1)}(x,u)$ $(mod I^{j})$ . (4)
$\tilde{C}^{(j)}(x,u)$ $\tilde{A}^{(j)}(x,u),\tilde{B}^{(j)}(x,u)$ :
$\tilde{A}^{(j)}(x,u)F(x,u)+\tilde{B}^{(j)}(x,u)G(x,u)\equiv\tilde{C}^{(j)}(x,u)$ $(mod I^{j+1})$ . (5)
(4) Euclid $\tilde{C}^{(j)}(x, u)$ $\tilde{A}^{(j)}(x, u),\tilde{B}^{(j)}(x, u)$
$\{\begin{array}{l}\tilde{C}^{0)}(x,u)=\tilde{C}^{(j-1)}(x,u)+\delta\tilde{C}^{(j)}(x,u), \deg(\delta\tilde{C}^{(j)})<\deg(\tilde{C}^{(0)})\tilde{A}^{(j)}(x,u)=\tilde{A}^{(j-1)}(x,u)+\delta\tilde{A}^{(j)}(x,u),\tilde{B}^{(j)}(x_{l}u)=\tilde{B}^{(j-1)}(x, u)+\delta\tilde{B}^{(j)}(x,u).\end{array}$ (6)
$\delta\tilde{C}^{(j)}$
$\delta\tilde{A}^{(j)},$ $\delta\tilde{B}^{(j)}$ $i$ (5)
$(\overline{A}^{(j-1)}+\delta\tilde{A}^{\langle j)})F+(\overline{B}^{(j-1)}+\delta\overline{B}^{(j)})G$ $\equiv$ $\tilde{C}^{(j-1)}+\delta\tilde{C}^{(j)}$ $(mod I^{j+1})$ ,
$[\tilde{A}^{(j-1)}F+\tilde{B}^{(jarrow 1)}G]_{j}^{j}+[\delta\tilde{A}^{(j)}F^{(0)}+\delta\tilde{B}^{(j)}G^{(0)}]_{j}^{j}$ $=$
$\delta\tilde{C}^{(j)}$ . (7)





$(\delta\overline{A}^{(j)}, \delta\overline{B}^{(j)})$ $=$ $-Q^{(j)}(x_{l}u)x(\tilde{A}^{(0)},\tilde{B}^{(0)})$ .
$Q^{(j)}(x, u)=$ quo$([\overline{A}^{(j-1)}F+\tilde{B}^{(j-1)}Q_{j}^{j},\tilde{C}^{(0)})$
2
$j$ lc $(\tilde{C}^{(j)}(x,u))\in \mathbb{C}$ 1











$\tilde{C}^{(0)}(x)$ $F^{(0)}$ $G^{(0)}$ $\epsilon$ $GCD$ $\tilde{C}^{(j)}(x, u)(mod I^{j+1})$ $O(\epsilon)$
$GCD$
$\tilde{C}^{(j’)}(x, u),\tilde{A}^{(j’)}(x,u),\tilde{B}^{(j’)}(x,u)$ $\Delta_{A}^{(j’)}(x,u),$ $\Delta_{B}^{(j’)}(x,u),$ $\Delta_{C}^{(j’)}(x,u)$
$(\tilde{A}^{(j’)}+\Delta_{A}^{(j’)})F+(\tilde{B}^{\langle j’)}+\Delta_{B}^{(j’)})G\equiv\tilde{C}^{(j’)}+\Delta_{C}^{(j’)}$ $(mod I^{j’+1})$ .
$Q^{(j)}(x, u)$ $\delta\tilde{C}^{(j)}$
$Q^{(j)}(x,u)$ $=$ quo$([\tilde{A}^{(j-1)}F+\tilde{B}^{(j-1)}q_{j}^{j},\tilde{c}^{(0)}+\Delta_{C}^{(0)})$ ,
$\delta\tilde{C}^{(j)}$
$=$ rem$([\tilde{A}^{(j-1)}F+\tilde{B}^{(j-1)}q_{j}^{j},\tilde{c}^{(0)}+\Delta_{C}^{(0)})$ .
$\delta\vec{A}^{(j)},$ $\delta\tilde{B}^{(j)}$ $\delta\tilde{C}^{(j)}$ $O(\epsilon)$
$O(\epsilon)$ $[Sas93]$ $Aa_{\circ}$ I
1( GCD [ZNOO])
2 $F(x,u)$ $G(x,u)$ $GCD$
$F(x,u)$ $=$ $(x^{2}+u^{2}+1.01)(x^{2}+xu+u^{2}+1.12)$ ,
$G(x,u)$ $=$ $(x^{2}+u^{2}+1.01)(x^{2}+xu+1.02)+10^{-4}(x+u)$ .
: $s=(O)$ 1 $F^{(0)}$ $G^{(0)}$ GCD C(0)
$C^{(0)}=1.000000000+9900994526x^{2}-0.0009358224912x$ .
Euclid $C^{(i)}(x, u)(i=1,2)$
$C^{(1)}$ $=$ 1000000000 $+$ 09900994526 $x^{2}-0.0009358224912x-O.0009900989321u$ ,
$C^{(2)}$ $=$ 1000000000 $+$ 09900994526 $x^{2}-0.0009358224912x-O.0009900989321u$
$+0.009385357494xu^{2}+0.990103163u^{2}$ .
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